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A new tehnique named Generalized Borel Transform (GBT) is applied to the generating
funtional of the Φ4 theory in zero dimensions with degenerate minima. The analytial solution
of this funtion, obtained in the non perturbative regime, is ompared with those estimations
predited by large order perturbation theory. It was established that the GBT is a very eient
tehnique to apture these ontributions. On the other hand, renormalons assoiated to the
resummation of those perturbative series were not found to be the genuine soure of the non
perturbative ontributions of this model.
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1
Substantial improvement of experimental data has reently demanded theorists to give
more aurate estimates sine the nite order perturbative preditions have unertainties
omparable with experimental errors. This has renewed the interest in omputing non
perturbative ontributions from the resummation of series. In Quantum Field theory non
summable Borel, the problem of obtaining these ontributions has been largely studied in the
literature.
1
Among the dierent methods proposed to takle this problem, the Conventional
Borel Transform (CBT) of the weak oupling expansion
2
and its modied version (MBT)
3,4
have beome popular tools for the reonstrution of the physial quantities predited by
these theories. Basially, these tehniques require the exat knowledge of the large order
behavior of the perturbative series in the oupling parameter. In spite of the lak of these
series, whih are divergent,
5
one an make use of their oeients to dene other expansion
in powers of a new variable named Borel and in suh a way that it is onvergent. Then, the
resummation of the initial asymptoti series is formally reovered by integrating the on-
vergent series on the Borel variable. In this approah, the non perturbative ontributions
are estimated from the ambiguity appearing in the integration, where singularities (poles
and/or branhes) alled IR renormalons
6
loalized on the positive real semiaxis of the Borel
omplex plane invalidate these proposals. On the other hand, an alternative development,
alled the Generalized Borel Transform (GBT),
7−9
was reently presented whih has proved
to be potentially useful in overoming those diulties. It avoids the use of series by intro-
duing auxiliary parameters having no physial meaning whih are introdued for the sole
purpose of making the alulation analytially tratable. These parameters together with
the analyti properties of the GBT are the fundamental tools needed to obtain analytial
solutions of parametri integrals like Laplae-Fourier-Mellin transforms (LFMT) for all the
range of its parameter. Therefore, it is extremely useful to study non-perturbative regimes.
In addition, it involves simple mathematis whih requires basi alulus suh as the evalu-
ation of derivative, indenite integrals and limits. In fat, this tehnique has already been
suessfully applied to dierent areas of Physis suh as Quantum Field Theory,
7
Polymer
Physis
8
and Quantum Mehanis.
9
In onnetion with the tehniques previously mentioned, it is ertainly instrutive to
study exatly solvable models so that the eieny and preision of the dierent proposals
an be quantitatively heked. This analysis may help in dening riteria for seleting the
appropriate approah to be used in more realisti models. In this sense, it is largely aepted
2
that the analysis of zero-dimensional models an provide some insight on the behavior of
Green's funtions in Field theories and Statistial systems.
10
In partiular, the understand-
ing of some aspets of zero-dimensional Field Theories ould leave trails about the non
perturbative behavior of these theories in higher dimensions. For instane, lassial ations
with degenerate isolated minima play a fundamental role in studying proesses governing
the deay of metastable atomi and nulear states as well as the transition of overheated or
underooled thermodynami phases to a stable equilibrium phase.
One of the most popular model of this kind is the well-known zero-dimensional Φ4 theory
with a degenerate minima
1
due to its purely non perturbative feature. The analysis of this
model is often based on the study of its generating funtion, starting point for omputing
moments and Green's funtions. Moreover, at present the exat solution is known from the
numerial omputation of its integral representation
Z (g) =
∫
+∞
−∞
dx exp
[−x2 (1− gx)2 /2] , g ≥ 0. (1)
Therefore, the main purpose of this paper onsists in disussing the use and to remark
the advantages of the dierent approximate omputing tools aforementioned to obtain an
analytial approximate solution of the generating funtion (1) in the non perturbative regime.
Thus, the analysis of this model is initially done on the ontext of Perturbative Field
Theory in whih non perturbative ontributions are estimated from the solution of the
generating funtional (1) in powers of g. It is easily obtained by rewriting the integrand in
Eq.(1) as a produt of two exponential funtions as follows
Z (g) =
∫
+∞
−∞
dx exp
[−x2/2] exp [gx3 − g2x4/2] .
Then, the expansion of the seond exponential in powers of its argument leads to the
following formal solution of this model
ZP (g) =
√
2pi +
√
2
∞∑
n=0
Γ (2n+ 5/2)
Γ (n+ 2)
(
8g2
)n+1
, g → 0+. (2)
Even though this solution is exat, it is plagued of diulties and onsequently it does
not represent a suitable analytial solution. Indeed, the series (2) is asymptoti and fatorial
divergent. Basially, it means that the ontributions of the terms of the series derease with
3
inreasing n for n < nmin and inrease for n > nmin. The value of nmin = No (g) orresponds
to the term with the minimal ontribution to the series. Thus, the best approximation
provided by expression (2) is obtained by trunating the series at nmin. Given that it
depends on the value of the parameter g, then the auray of the result will also depend
on it. For example, small values of g provide a large No (g) and onsequently there are
suient amounts of terms ontained in this series so that a good approximation of the
exat solution is obtained. In ontrast to this, values of the parameter g going away from
the perturbative regime redue the value of No (g) and the series involves just a few terms.
Thus, it is signiantly o from the exat one. In addition to this trouble, their oeients
do not alternate in sign avoiding the anelation of the onseutive terms in the series, whih
makes it worse the divergent behavior.
In some ases, the aforementioned diulties an be minimized, or hopefully eliminated,
by applying standard approahes speially designed to deal with this lass of series. In this
model, it is lear that the use of the exat expression of their oeients would simply reover
the starting expression for the generating funtion given by the integral representation (1)
whose analytial solution is unknown. However, an approximate analytial solution for this
funtion an be obtained from Eq. (2) by using the following asymptoti behavior for their
oeients
Γ (2n + 5/2)
Γ (n+ 2)
∼ 4nΓ (n+ 1) 2
√
2/pi (3)
in whih ase the resulting approximate generating funtion beomes a fatorial divergent
series
ZasP (g) =
√
2pi +
1√
pi
∞∑
n=0
Γ (n+ 1)
(
32g2
)n+1
, g → 0+. (4)
whih an be resumed by applying the Conventional Borel Transform as follows. The
Borel sum of the generating funtion is obtained from expression (4) by using the integral
representation of the Gamma funtion.
11
Afterwards, the sum and the integral operations
presented there are formally interhanged to get
ZBorel (g) =
√
2pi +
∫
+∞
0
dt exp [−t]B (t) , (5)
4
where B (t) is the Borel Transform dened by
B (t) ≡ 32g
2
√
pi
∞∑
n=0
(
32tg2
)n
=
32g2√
pi
1
1− 32tg2 (6)
Sine the last expression is valid only for 32tg2 < 1, the integral in Eq.(5) an be om-
puted whenever an analytial ontinuation of its integrand to the Borel omplex plane is
available. In doing so, it appears a singularity at t = 1/32g2. As a onsequene, the resum-
mation beomes invalid (non summable Borel). Anyway, a meaning to the ill-dened integral
(5) is often given by adopting a regularization presription. Nevertheless, this generates an
ambiguity in its evaluation sine the result will depend on the partiular presription taken.
If the Cauhy Prinipal value is used, the pole is avoided by deforming the ontour of inte-
gration along two semiirles entered at the pole above and below the real axis respetively.
Hene,
6,12
ZBorel (g) =
√
2pi +
32g2√
pi
PV
∫
+∞
0
dt
exp [−t]
1− 32tg2 ± i
√
pi exp
[−1/32g2] (7)
where the last term omes from the residue evaluated at the pole.
From this denition, the estimation of the non perturbative ontributions is immediate.
The generating funtion dened initially by equation (1) is analyti in the whole omplex
plane of the oupling parameter g. Then, the non perturbative ontributions whih had been
exluded in the omputation, must anel those non analytial ontributions present in the
expression (7) in order to preserve this property. In this sense, the non analytial struture
of the Borel transform is assumed to ontain information about the origin of the main non
perturbative ontributions of the model, leaving aside the ones unrelated to renormalons.
Therefore, within this tehnique one ends with an approximate solution for the generating
funtion in the form
3
ZBorel (g) =
√
2pi +
32g2√
pi
exp
[
− 1
32g2
]
Ei
(
1
32g2
)
+ C exp
[−1/32g2] (8)
where Ei (z) is the exponential integral funtion11 and C is a onstant to be adjusted from
experiment. In this model it means from the numerial exat solution (1).
The numerial evaluation of this result is presented in Fig. 1. This plot learly shows
that the predition oming from the large order perturbative theory is not good for the non
5
perturbative regime. Therefore, the non analytiity of the Borel sum (IR renormalons) is
not the true soure of the main non perturbative ontributions of this model.
In more realisti theories the exat expression of the oeients of the series is otherwise
rarely known.
1
However, one an analyze other asymptoti expansion of the oeients in
this model whih onverge more rapidly to the exat one. Conretely, one of them reads
ZasP (g) =
√
2pi +
1√
pi
∞∑
n=0
Γ (n+ 3/2) (32g2)
n+1
(n + 1)1/2
, g → 0+. (9)
By applying the previously explained Borel approah to this series, the Borel Transform
adopts the form
B (t) ≡ t
−1/2
√
pi
∞∑
n=0
(32tg2)
n
(n+ 1)1/2
(10)
This series onverges to the Polylog funtion
11 L1/2 (32tg
2) in the interval [0, 1/32g2] .
Expliitly, the expression (5) beomes
ZBorel (g) =
√
2pi +
1√
pi
∫
+∞
0
dt exp [−t] t−1/2L1/2
(
32tg2
)
(11)
where right now the integrand in Eq.(11) must be analytially ontinuated to |32tg2| ≥ 1. As
a onsequene, it aquires a ut on the positive real semiaxis in the interval [1/32g2,∞] due
to the well-known Polylog funtion analytial properties.
11
As expeted, the resummation
beomes invalid again. In this ase, the non analytiity is avoided by deforming the ontour
of integration along two parallel lines slightly above and below the real axis. Hene, it
reads
12
ZBorel (g) =
√
2pi +
1√
pi
∫
+∞
0
dt exp [−t] t−1/2Re{L1/2 (32tg2)} (12)
± i√
pi
∫
+∞
1/32g2+
dt exp [−t] t−1/2Im{L1/2 (32tg2)}
with
Im
{
L1/2
(
32tg2
)}
= −
√
pi√
ln (32tg2)
.
6
being the non analytial part giving an estimation of the non perturbative ontributions.
Therefore, the suitable approximate solution for the generating funtion has the form
3
ZBorel (g) =
1√
pi
∫
+∞
0
dt exp [−t] t−1/2Re{L1/2 (32tg2)} (13)
+C
∫
+∞
1/32g2
dt
exp [−t] t−1/2√
ln (32tg2)
,
Unfortunately, the analytial solution of these integrals is unknown. The numerial eval-
uation of this result (Fig. 1) shows that the approximation (13) improves the predition of
non perturbative ontributions when it is ompared with the rst approah (8). In spite
of this improvement, the expression (13) still does not provide a good estimation of the
generating funtion (1) in the non perturbative regime.
Setting aside the diulties present in the Borel resummation tehnique, the omputation
of the generating funtion by using the GBT is now presented. In doing so, it is neessary to
rewrite the expression (1) in terms of a Laplae transform. It is ahieved as follows. Firstly,
the variable of integration x is replaed by u/g and a new oupling parameter a ≡ 1/ [2g2]
is dened. Seondly, the integration on the whole real axis is performed on eah semiaxis,
positive and negative, separately. In addition, the last integral is rewritten on the positive
semiaxis by hanging variables u = −v. As a onsequene, the expression (1) beomes
Z (a) =
√
2a
{∫
+∞
0
du exp
[−au2 (1 + u)2]+ ∫ +∞
0
dv exp
[−av2 (1− v)2]} . (14)
Then, the seond integral in Eq.(14) is divided into
∫
1
0
plus
∫
+∞
1
so that the hange of
variables w = 1−v transforms ∫ +∞
1
into the rst integral in Eq.(14). Finally, this is written
as a Laplae transform by hanging variables y = u2 (1 + u)2 to get
Z (a) =
√
2a
{∫
+∞
0
dy
exp (−ay)√
y
√
1 + 4
√
y
+
∫
1
0
dv exp
[−av2 (1− v)2]
}
. (15)
Observe that this new expression for the generating funtion presents important advan-
tages. A simple analysis of the behavior of both integrals in Eq.(15) allows one to identify
what is the soure of the non perturbative ontributions. In fat, they show that, in the
7
limit g → ∞+ (a→ 0+) , the main non perturbative ontribution omes from the Laplae
transform. Furthermore, it an be analytially omputed by applying the GBT tehnique
whih is desribed below.
Basially this method onsists of introduing two auxiliary funtions, S (a, n) and
Bλ (s, n)(the Generalized Borel Transform) whih depend on auxiliary parameters alled
n and λ. These parameters have no physial meaning and are introdued for the sole pur-
pose of helping in the omputation of an expliit mathematial expression for the following
Laplae transform
S (a) =
∫
+∞
0
duH (u) exp (−au) , a > 0. (16)
In doing so, S (a, n) is dened in terms of S (a) by the formula
S (a, n) ≡ (−)n ∂
n
∂an
S (a) =
∫
∞
0
unH (u) exp (−au) du, n ≥ 0. (17)
whih an be inverted to get
S (a) = (−)n
∫
da · · ·
∫
da︸ ︷︷ ︸
n
S (a, n) +
n−1∑
p=0
cp (n) a
p. (18)
Note that the nite sum omes from the indenite integrations and it an be omitted
whenever the Laplae transform (16) fullls the following asymptoti ondition
lim
a→∞
S (a) = 0. (19)
In addition, the approximate omputation of S (a, n), and subsequently of S (a) from
Eq.(18), is doable from the following denition of the Generalized Borel Transform of S (a, n)
Bλ (s, n) ≡ −
∫
∞
0
exp [s/η (a)]
[
1
λη (a)
+ 1
]
−λs
S (a, n)
[η (a)]2
∂η (a)
∂a
da, Re (s) < 0 (20)
where λ is any real and positive number, whereas η is dened so that 1/η ≡ λ (exp (a/λ)− 1).
Then, the analytial properties of Bλ (s, n) allow one to invert unambiguously Eq.(20) to
8
get
S (a, n) = 2λ2 (1− exp (−a/λ))
∫
∞
−∞
∫
∞
−∞
exp [G (w, t, a, λ, n)] dwdt. (21)
being G (w, t, a, λ, n) an involved funtion depending expliitly on H [8,9℄.
Given that the aforementioned expressions (17-21) are valid for any number of n ≥ 0, the
dominant ontribution to the double integral is omputed for n ≫ 1 by using the steepest
desent method
13
in the variables t and w. On the other hand, observe that eah value
of the parameter λ in Eq.(20) denes a partiular Borel transform. However, the resulting
expression for S (a, n) given by Eq.(21) does not depend on λ expliitly. Consequently, one
an hoose the value of this parameter in suh a way that it allows one to solve Eq. (21).
Hene, the approximate expression of S (a, n) obtained from the saddle point is omputed
in the limit λ→∞ to nally obtain
SAprox (a, n) =
√
2pie−1/2
√
f (uo) + 1√
D (uo)
[uo]
n+1H (uo) exp [−f (uo)] , (22)
where
f (uo) ≡ 1 + n + uod ln [H (uo)]
duo
, (23)
D (uo) ≡ −uo df (uo)
duo
[1/2 + f (uo)] + f (uo) [1 + f (uo)] , (24)
and uo is the solution of the following impliit equation
u2oa
2 = f (uo) [f (uo) + 1] . (25)
In summary, the appliation of this tehnique onsists simply in solving the impliit
equation (25) for n ≫ 1 to obtain the expression of uo and replae it in Eq.(22). Then the
n−indenite integrals appearing into Eq.(18) an be solved to get an approximate solution
of S (a) in the limit n→∞. Observe that the expressions (18-25) appearing in this approah
avoid perturbative expansions and all of them are unambiguously dened. Moreover, the
parameters n and λ initially introdued to make the omputation mathematially tratable,
are lastly taken away from the approximate solution for S (a) .
9
Thus, the approximate expression for the Laplae transform appearing in Eq.(15) is
obtained by replaing the funtion H (u) = 1/
[√
u
√
1 + 4
√
u
]
into the expressions (18-25)
provided by the GBT. Then, the expression of f (uo) given by expression (23) is replaed
into Eq.(25) and n is assumed large to get uo ≃ (n+ 3/4) /a. Then f (uo) ≃ n + 3/4 ,
D (uo) ≃ (n+ 1/4) (n+ 5/4) and S (a, n) an be approximated as
SAprox (a, n) ≃
√
2pi
√
n+ 5/4 [n+ 3/4]n+1/4 exp [− (n+ 3/4)]
2
√
(n + 1/4) (n + 5/4)an+1/4
√
1 +
√
a/
[
4
√
n + 3/4
] (26)
By reognizing the asymptoti expansion of the Gamma funtion
11 Γ (n+ 1/4) in Eq.(26),
the expression of SAprox an be simplied to get
SAprox (a, n) ≃ Γ (n + 1/4)
2an+1/4
√
1 +
√
a/
[
4
√
n+ 3/4
] (27)
Then, this expression is replaed into Eq.(18), and the oming expansion
1√
1 +
√
a/
[
4
√
n+ 3/4
] = ∞∑
p=0
L
−1/2
p (0)
(−4)p (n+ 3/4)p/2
ap/2 a→ 0+ (28)
is utilized, being Lqp (x) the Laguerre polynomial.
11
This leads to alulate the non pertur-
bative ontribution of S (a) as follows
SNP (a) ≃
lim
n→∞
∞∑
p=0
Γ (n+ 1/4)L
−1/2
p (0)
2 (−4)p (n + 3/4)p/2
(−)n
∫
da · · ·
∫
da︸ ︷︷ ︸
n
1
an+1/4−p/2
(29)
where
∫
da · · ·
∫
da︸ ︷︷ ︸
n
1
an+1/4−p/2
= (−)n Γ (1/4− p/2) / [Γ (n+ 1/4− p/2) a1/4−p/2] .
Thus, the expression (29) omputed in the limit n→∞ turns into
10
SNP (a) =
∞∑
p=0
L
−1/2
p (0) Γ (1/4− p/2)
2 (−4)p a1/4−p/2 ,
whose series onverges to the following nal expression
SNP (a) =
pi
4
{
I1/4
( a
32
)
+ I−1/4
( a
32
)}
exp
(
− a
32
)
, (30)
where Iv (z) is the Bessel funtion of seond lass.
11
Going bak to expression (15), the solution for the generating funtion is ompleted by
solving the seond integral appearing there. It is easily done by using the expansion of the
exponential term and exhanging sum and integral operations. Then, the following solution,
valid for any value of the parameter a, is obtained
∫
1
0
dx exp
[−ax2 (1− x)2] = ∞∑
k=0
(−a)k [Γ (2 + 2k)]2
(2k + 1)2 Γ (k + 1)Γ (2 + 2k)
= 2F2
([
1
2
, 1
] [
3
4
,
5
4
]
,− a
16
)
,
(31)
where 2F2 is the well-known Generalized Hypergeometri funtion.
11
Finally, the expressions (30) and (31) evaluated in terms of the original oupling pa-
rameter g provide the following analytial solution of the generating funtion in the non
perturbative regime
ZNP (g) =
1
g
[
pi
4
{
I1/4
(
1
64g2
)
+ I−1/4
(
1
64g2
)}
exp
(
− 1
64g2
)
(32)
+2F2
([
1
2
, 1
][
3
4
,
5
4
]
,− 1
32g2
)]
The test of the auray provided by the GBT result is presented in Fig. 1. The relative
error with respet to the exat solution (1) (solid line) is less than 5% for values of g
larger than 100. It shows that the GBT is a very eient tool to apture non perturbative
ontributions of this model.
In summary, expressions (8), (13) and (32) for the generating funtional of the zero-
dimensional Φ4 theory with degenerate minima in the non perturbative regime of the ou-
pling parameter g were obtained by appliation of the Borel resummation and GBT teh-
niques. Models like this are mainly utilized for studying the physis of barrer penetration
11
and tunelling eets in systems whih lassial minima are onneted so that the symmetry
between them is not spontaneously broken.
It was found that the genuine origin of the main non perturbative ontributions of this
model is not the Borel ambiguity. This non analytiity of the Borel sum is due to the
non alternating harater of the oeients in the expansions in powers of g. In fat, this
behavior is a diret onsequene of the degeneray of the ground state and the presene of
inevitable ontributions, whih annot be aptured from Perturbation Theory. It implies
that for reonstruting the generating funtion one needs additional information whih is
absent in Perturbation Field Theory. Indeed, this approah has to introdue a parameter
to be afterward tted in order to quantify non perturbative ontributions.
On the other hand, the GBT was established to be a very eient tool to apture non
perturbative ontributions of this model. The overall goal of this tehnique omes from the
fat that it involves expressions unambiguously dened whih preserve the omplete infor-
mation about the oupling parameter. Indeed, the omputation of the analytial solution
is doable due to the help of auxiliary parameters whih do not appear in the nal results.
The main role of the real parameter of the model is simply to ontrol the loalization of the
saddle point uo and onsequently the behavior of the resulting nal solution.
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FIG. 1: Generating funtion Z (g) as a funtion of the oupling parameter g. The solid line
orresponds to the numerial evaluation of the exat solution (1) and the dashed line to the GBT
solution (32). Dotted-dashed and dotted lines orrespond to Borel resummation solutions (13) and
(8) respetively. The value of C minimizing the deviation of these approahes with respet to the
exat solution (1) (solid line) was found to be equal to −47.313 and 3.572 respetively. They were
omputed by the least square method in the range of values of g given by the interval [100, 1000].
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